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I. SARS-CoV-2 mathematical model structure 

A deterministic age-structured meta-population compartmental model was developed to describe 

the severe acute respiratory syndrome coronavirus 2 (SARS-CoV-2) transmission dynamics and 

disease progression in the population of Qatar, factoring subpopulation heterogeneity in exposure 

to the infection. The model stratified the population into compartments according to nationality 

subpopulation, age group (0-9, 10-19, 20-29,…, ≥80 years), infection status (infected, 

uninfected), infection stage (asymptomatic/mild, severe, critical), and disease stage (severe 

disease or critical disease). All Coronavirus Disease 2019 (COVID-19) mortality was assumed to 

occur in individuals that are in the critical disease stage. The model is based on extension and 

adaptation of our calibrated mathematical models developed to characterize SARS-CoV-2 

transmission dynamics [1-5]. 

Epidemic dynamics were described using a system of coupled nonlinear differential equations 

for each age group and subpopulation (nationality) group. Each age group, a , denoted a ten-year 

age band apart from the last category which grouped together all individuals ≥80 years of age. 

The population was divided into seven resident subpopulation groups i  ( )1,2,3,4,5,6,7i =  

representing the subpopulations of Indians, Bangladeshis, Nepalese, Qataris, Egyptians, 

Filipinos, and all other nationalities, respectively—these are the largest nationality subpopulation 

groups in Qatar. Qatar’s population composition and subpopulations size and demographic 

structure were based on findings of “The Simplified Census of Population, Housing, and 

Establishments” conducted by Qatar’s Planning and Statistics Authority [6]. Life expectancy was 

obtained from the United Nations World Population Prospects database [7].  
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Figure S1. Schematic diagram describing the basic structure of the SARS-CoV-2 mathematical model. 
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The model was expressed in terms of the following system of coupled nonlinear differential 

equations for each subpopulation group and age group: 

( ) ( ) ( )( )( , ) 1 ( 1, ) , ( , )dS a i a S a i a i a S a i
dt

ξ λ µ ξ= − − − + +  

( ) ( ) ( ) ( )( )( , ) 1 ( 1, ) , , ( , )dE a i a E a i a i S a i a E a i
dt

ξ λ δ µ ξ= − − + − + +   

( ) ( ) ( ) ( )( )/
/ / /

( , ) 1 ( 1, ) , ( , )A M
A M A M AD A M

dI a i a I a i f a E a i a I a i
dt

ξ δ η µ ξ= − − + − + +  

( ) ( ) ( )( )( , ) 1 ( 1, ) ( ) , ( , )S
S S SD S

dI a i a I a i f a E a i a I a i
dt

ξ δ η µ ξ= − − + − + +  

( ) ( ) ( )( )( , ) 1 ( 1, ) ( ) , ( , )C
C C CD C

dI a i a I a i f a E a i a I a i
dt

ξ δ η µ ξ= − − + − + +  

( ) ( ) ( )( )( , ) 1 ( 1, ) , ( , )S
S SD S S SC S

dD a i a D a i I a i a D a i
dt

ξ η η η µ ξ= − − + − + + +  

( ) ( ) ( ) ( ) ( )( )( , ) 1 ( 1, ) , , ( , )C
C CD C SC S C C

dD a i a D a i I a i D a i a a D a i
dt

ξ η η η µ ξ α= − − + + − + + +  

( ) ( )( )/ /
( , ) 1 ( 1, ) ( , ) ( , ) ( , ) ( , )A M A M S S C C

dR a i a R a i I a i D a i D a i a R a i
dt

ξ η η η µ ξ= − − + + + − +  

The definitions of population variables and symbols used in the equations are in Table S1. 

Table S1. Definitions of population variables and symbols used in the model 

Symbol Definition 
( , )S a i  Susceptible population  
( , )E a i  Latently infected population  

( )/ ,A MI a i  Population with asymptomatic/mild infection 

( ),SI a i  Population with severe infection 

( ),CI a i  Population with critical infection 

( ),SD a i  Population with hospitalization in acute-care beds 

( ),CD a i  Population with hospitalization in intensive care unit beds 

( , )R a i  Recovered population 

agen   Number of age groups 

popn   Number of subpopulation groups 

( )aξ  Transition rate from one age group to the next age group. Here (0) ( ) 0agenξ ξ= =  

( )aσ  Susceptibility profile to the infection in each age group  

( )iψ  Level of exposure profile in each subpopulation group i   

1 / δ  Duration of latent infection 
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β  Average rate of infectious contacts  
1 / ADη  Duration of asymptomatic/mild infection infectiousness 

1/ SDη  Duration of severe infection infectiousness before isolation and/or hospitalization  

1 / Sη  Duration of severe disease following onset of severe disease  

1 / CDη  Duration of critical infection infectiousness before isolation and/or hospitalization  

1/ Cη  Duration of critical disease following onset of critical disease  

1/ SCη  Rate of disease progression from severe disease to critical disease 

( )aα  Disease mortality rate in each age group  

1/ µ  Natural death rate 

/ ( )A Mf a  Proportion of infections that will progress to be asymptomatic/mild infections  

( )Sf a  Proportion of infections that will progress to be infections that require hospitalization in 
acute-care beds 

( )Cf a  Proportion of infections that will progress to be infections that require hospitalization in 
intensive care unit beds 

Z  The subpopulation mixing matrix 
H  The age-mixing matrix 

The force of infection ( , )a iλ  (hazard rate of infection) experienced by each susceptible ( , )S a i  

population, is given by 

( ) ( ) ( ) /
, ' , ', '

' 1 ' 1 /

( ', ') ( ', ') ( ', '),
( ', ') ( ', ') ( ', ') ( ', ') ( ', ')

( ', ') ( ', ') ( ', ')

age popn n
A M S C

i i a a i
a i A M S C

S C

I a i I a i I a ia i i a Z H
S a i E a i I a i I a i I a i

D a i D a i R a i

λ βψ σ
= =

+ +
=

+ + + + 
 + + + 

∑∑  

Here β  is the rate of infectious contacts, ( )iψ  is the level of exposure profile in each 

subpopulation group i , and ( )aσ  is the susceptibility profile to the infection in each age group 

a .  

To account for temporal variation in the basic reproduction number ( 0R  ), we incorporated 

temporal changes in the rate of infectious contacts. We parameterized the temporal variation 

(time dependence of β ) through the following combined function of the Woods-Saxon and 

logistic functions.  
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β
   − −

−   
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−

= +

+ +  

This function was mathematically designed to describe and characterize the time evolution of the 

level of risk of exposure before and after easing of restrictions. It was informed by our 

knowledge of SARS-CoV-2 epidemiology in Qatar [4], and it provided a robust fit to the data. 

Here 1a , 2a , 1b , 2b , 1c , and 2c  are fitting parameters. 

The mixing among the different age groups and subpopulation groups is dictated by the mixing 

matrices , ', 'a a iH  (for age group mixing) and ,i iZ ′  (for subpopulation group mixing). These 

matrices provide the likelihood of mixing and are given by the following expressions:  

/

/
, ', ' , '

/

/

( ', ') ( ', ') ( ', ') ( ', ') ( ', ')
( ', ') ( ', ') ( ', ') ( ', ')(1 )

( '', ') ( '', ') ( '', ') ( '', ') ( '', ')
( '', ') ( '', ') (

A M S C

A M S C
a a i Age a a Age

A M S C

A M S C

S a i E a i I a i I a i I a i
D a i D a i D a i R a iH e e

S a i E a i I a i I a i I a i
D a i D a i D a

δ

+ + + +
+ + + +

= + −
+ + + +

+ + +1 '', ') ( '', ')

agen

a i R a i′′=

 
 + 

∑
 

( )
, ,

0                        if 
1,     where W=     if 

1
i i i i pop

pop pop

i i
Z n qW i i

n n
δ′ ′

′=
= +  ′≠ −

 

Here, ,a aδ ′  (and ,i iδ ′ ) is the identity matrix. [ ]0,1Agee ∈  measures the degree of assortativeness in 

the age mixing. At the extreme 0Agee = , the mixing is fully proportional, while at the other 

extreme, 1Agee = , the mixing is fully assortative, that is individuals mix only with members in 

their own age group. W  is the subpopulation connectivity matrix of dimension pop popn n×  and the 

mixing is assumed symmetric for all subpopulations. The W  matrix normalizes to 1, that is the 
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sum of all entries adds up to 1. q  parametrizes the connectivity to other subpopulations relative 

to the connectivity within the same subpopulation. 

II. Model fitting and parameter values 

The model was fitted to the following sources of data: 1) time-series of the number of 

polymerase chain reaction (PCR) laboratory-confirmed SARS-CoV-2 cases, 2) time-series of 

SARS-CoV-2 testing PCR positivity rate in each nationality subpopulation, 3) time-series of 

PCR positivity rate in symptomatic patients with suspected SARS-CoV-2 infection presenting to 

primary healthcare centers, 4) time-series of proportion of laboratory-confirmed SARS-CoV-2 

cases aged >60 years, 5) time-series of new/daily hospital admissions in acute-care beds and in 

ICU-care beds, 6) proportion of acute-care bed cases transferred subsequently to ICU-care beds, 

7) time-series of hospital occupancy in acute-care beds and in ICU-care beds, 8) cumulative 

number of deaths (not time series with the relatively small number of deaths), 9) one community 

survey assessing active-infection using PCR, 10) age-distribution of antibody positivity [4,8,9], 

and 11) nationality subpopulation distribution of antibody positivity [4,8,9]. 

Model input parameters were based on best available empirical data for SARS-CoV-2 natural 

history and epidemiology. Model parameter values are listed in Table 2. The following 

parameters were derived by fitting the model to data: Cf , Sη , Cη , SCη ,α , ( )aσ , ( )iψ , Agee , q , 

0a , 1a , 2a , 0b , 1b , 2b , 0t , 1c , and 2c . 

Table S2. Model parameter values. 

Parameter Symbol Value Justification 
Duration of latent infection 
 

1/ δ  3.69 days Based on existing estimate [10] and based 
on a median incubation period of 5.1 days 
[11] adjusted by observed viral load 
among infected persons [12] and reported 
transmission before onset of symptoms 
[13]. 
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Duration of infectiousness 
 

1/ ADη  

1/ SDη  

1/ CDη  

3.48 days Based on existing estimate[10] and based 
on observed time to recovery among 
persons with mild infection [10,14] and 
observed viral load in infected persons 
[12,13,15].

 
Life expectancy in Qatar 1 / µ  80.7 years United Nations World Population 

Prospects database [7]. 
Disease mortality rate in each 
age group  

( )aα   The distribution and age dependence of 
COVID-19 mortality was based on the 
modeled SARS-CoV-2 epidemic in 
France [16].  

  Age 0-19 years 1RRD α×  1 0.1RRD =  Model-estimated relative risk of death 
based on the SARS-CoV-2 epidemic in 
France [16]. 

  Age 20-29 years 2RRD α×  2 0.4RRD =  Model-estimated relative risk of death 
based on the SARS-CoV-2 epidemic in 
France [16]. 

  Age 30-39 years α  Reference 
category 

Model fitting 

  Age 40-49 years 3RRD α×  3 3.0RRD =  Model-estimated relative risk of death 
based on the SARS-CoV-2 epidemic in 
France [16]. 

  Age 50-59 years 4RRD α×  4 10.0RRD =  Model-estimated relative risk of death 
based on the SARS-CoV-2 epidemic in 
France [16]. 

  Age 60-69 years 5RRD α×  5 45.0RRD =  Model-estimated relative risk of death 
based on the SARS-CoV-2 epidemic in 
France [16]. 

  Age 70-79 years 6RRD α×  6 120.0RRD =  Model-estimated relative risk of death 
based on the SARS-CoV-2 epidemic in 
France [16]. 

  Age 80+ years 7RRD α×  7 505.0RRD =  Model-estimated relative risk of death 
based on the SARS-CoV-2 epidemic in 
France [16]. 

Proportion of infections that will 
progress to be infections that 
require hospitalization in acute-
care beds 

( )Sf a   The distribution and age dependence of 
asymptomatic/mild, severe, or critical 
infections was based on the modeled 
SARS-CoV-2 epidemic in France [16]. 

 

  Age 0-19 years ( )1 SRRS f t×  1 0.1RRS =  Model-estimated relative risk of severe 
infection based on the SARS-CoV-2 
epidemic in France [16]. 

  Age 20-29 years ( )2 SRRS f t×  2 0.5RRS =  Model-estimated relative risk of severe 
infection based on the SARS-CoV-2 
epidemic in France [16].

 
  Age 30-39 years 

( )
2

0

0
0

t t
b

Sf t a e
 −

−  
 =  

Reference 
category 

This parameter was described by a 
Gaussian function, as it provided the best 
fit for the data of the daily hospital 
admissions in acute-care beds. 

  Age 40-49 years ( )3 SRRS f t×  3 1.2RRS =  Model-estimated relative risk of severe 
infection based on the SARS-CoV-2 
epidemic in France [16]. 
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  Age 50-59 years ( )4 SRRS f t×  4 2.3RRS =  Model-estimated relative risk of severe 
infection based on the SARS-CoV-2 
epidemic in France [16]. 

  Age 60-69 years ( )5 SRRS f t×  5 4.5RRS =  Model-estimated relative risk of severe 
infection based on the SARS-CoV-2 
epidemic in France [16]. 

  Age 70-79 years ( )6 SRRS f t×  6 7.8RRS =  Model-estimated relative risk of severe 
infection based on the SARS-CoV-2 
epidemic in France [16]. 

  Age 80+ years ( )7 SRRS f t×  7 27.6RRS =  Model-estimated relative risk of severe 
infection based on the SARS-CoV-2 
epidemic in France [16]. 

Proportion of infections that will 
progress to be infections that 
require hospitalization in 
intensive care unit beds 

( )Cf a   The distribution and age dependence of 
asymptomatic/mild, severe, or critical 
infections was based on the modeled 
SARS-CoV-2 epidemic in France [16].

 

  Age 0-19 years 1 CRRC f×  1 0.2RRC =   Model-estimated relative risk of critical 
infection based on the SARS-CoV-2 
epidemic in France [16]. 

  Age 20-29 years 2 CRRC f×  2 0.3RRC =  Model-estimated relative risk of critical 
infection based on the SARS-CoV-2 
epidemic in France [16].

 
  Age 30-39 years Cf   Reference 

category 
Model fitting 

  Age 40-49 years 3 CRRC f×  3 1.8RRC =  Model-estimated relative risk of critical 
infection based on the SARS-CoV-2 
epidemic in France [16].

 
  Age 50-59 years 4 CRRC f×  4 4.7RRC =  Model-estimated relative risk of critical 

infection based on the SARS-CoV-2 
epidemic in France [16].

 
  Age 60-69 years 5 CRRC f×  5 10.6RRC =  Model-estimated relative risk of critical 

infection based on the SARS-CoV-2 
epidemic in France [16].

 
  Age 70-79 years 6 CRRC f×  6 13.6RRC =  Model-estimated relative risk of critical 

infection based on the SARS-CoV-2 
epidemic in France [16]. 

  Age 80+ years 7 CRRC f×  7 8.7RRC =  Model-estimated relative risk of critical 
infection based on the SARS-CoV-2 
epidemic in France [16]. 

 

III. Basic reproduction number 0R  and effective reproduction number tR   

As informed by the method of Heffernan and et al. [17], the overall basic reproduction number (

0R ) and overall effective reproduction number ( tR ) were derived to be 
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( ) ( ) ( )0 , , ,
1 1 1 1

, 1=
( ) ( )

pop age pop agen n n n

i i a a i
i a i a Tot

N a i
R i a Z H

N a a
δβψ σ

δ µ ξ η µ ξ′ ′ ′
′ ′= = = =

    
    ′ ′+ + + +   

∑∑∑∑

( )

( )
( ) ( ) ( )

( ), , ,
1 1 / , , 1 1

/ , , 1 1

, , 1
, ( ) ( )

,

pop age pop age

pop age

n n n n

t i i a a in n
i a A M S C i a

A M S C j b

S a i I a i
R i a Z H

N a i a a
I b j

τ

τ
γ

γ

δβψ σ
δ µ ξ η µ ξ′ ′ ′

′ ′= = = = =

= = =

 
   ′ ′    =       ′ ′ ′ ′+ + + +     
 

∑∑ ∑ ∑∑
∑ ∑∑

  

Here, TotN  is the total population size and ( ),N a i  is the population size of each age group a  

and subpopulation group i .  
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Figure S2. Model fits to (A) SARS-CoV-2 laboratory-confirmed cases and (B) testing PCR 
positivity rate.  
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Figure S3. Model fits to A) daily hospital admissions in acute-care beds, B) daily hospital 
admissions in ICU-care beds, C) hospital occupancy of COVID-19 patients (number of beds 
occupied at any given time) in acute-care beds, and D) hospital occupancy of COVID-19 patients 
in ICU-care beds. 
  

 
v 
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Figure S4. Evolution of the basic reproduction number R0 (A) and effective reproduction 
number Rt (B) in Qatar.  
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Figure S5. Impact of the social and physical distancing interventions on A) cumulative number 
of infections, B) cumulative number of deaths, C) cumulative number of hospital admissions in 
acute-care beds, and D) cumulative number of hospital admissions in ICU-care beds. 
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Figure S6. Uncertainty analysis. Mean and 95% uncertainty interval (UI) for the evolution of 
SARS-CoV-2 A) incidence (number of daily new infections), B) cumulative number of 
infections, C) active-infection prevalence (those latently infected or infectious), and D) attack 
rate (proportion ever infected), in the total population of Qatar. 
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Figure S7. Uncertainty analysis. Mean and 95% uncertainty interval (UI) for the evolution of 
COVID-19 A) daily hospital admissions in acute-care beds, B) daily hospital admissions in ICU-
care beds, C) cumulative number of hospitalizations in acute-care beds, D) cumulative number of 
hospitalizations in ICU-care beds, E) hospital occupancy of COVID-19 patients (number of beds 
occupied at any given time) in acute-care beds, and F) hospital occupancy of COVID-19 patients 
in ICU-care beds. 
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